In this paper, the Adomian Decomposition Method (ADM) and the Differential Transform Method (DTM) are applied to solve the multi-pantograph delay equations. The sufficient conditions are given to assure the convergence of these methods. Several examples are presented to demonstrate the efficiency and reliability of the ADM and the DTM; numerical results are discussed, compared with exact solution. The results of the ADM and the DTM show its better performance than others. These methods give the desired accurate results only in a few terms and in a series form of the solution. The approach is simple and effective. These methods are used to solve many linear and nonlinear problems and reduce the size of computational work.
Introduction
Pantograph is a device located on the electriclocomotive. The first time, electric locomotive was made in America in 1851. It was commissioned in 1895. Mathematical model of pantograph was first developed by Taylor and Ockendon (1971) [1] . Pantograph equations belong to a special class of functional-differential equations with proportional delays and arise in many applications such as, astrophysics, nonlinear dynamical systems, probability theory on algebraic structures, electro dynamics, quantum mechanics and cell growth, number theory, mixing problems, population models, etc.
In recent years, the multi-pantograph delay differential equations were studied by many authors. For examples, Li and Liu [2] applied the Runge-Kutta methods to the multi-pantograph delay equation. Evans and Raslan [3] used the Adomian decomposition method for solving the delay differential equation. Keskin et al. [4] applied the differential transform method to obtain the approximate solution. Sezer and Dascioglu [5] developed and applied the Taylor method to the generalized pantograph equation with retarded case or advanced case. Brunner [1] used the collocation methods for pantograph-type Volterra functional equations with multiple delays. Yu [6] applied the variational iteration method to the multi-pantograph delay equation. Sezer et al. [7] worked approximate solution of multi-pantograph equation with variable coefficients. Geng, F. Z. and Qian, S. P. [8] worked the Reprociding Kernel Medhod to Solving Singularly Perturbed Multi-Pantograph Delay Equations. Cherruault, Y., Adomian, G., Abbaoui, K. and Rach, R. [9] worked on Convergence of Decomposition Method. Ismail et al. [10] gave the numerical solutions of the Korteweg-De-Vries (KDV) and modified Korteweg-De-Vries Equations. El-Safty et al. [11] studied on the 3-h step spline function approximation to the solution of delay dynamic system. Saeed and Rahman [12] established the differential transform method to solve systems of linear or non-linear delay differential equation.
A numerical method based on the Adomian Decomposition Method (ADM) which has been used from the 1970s to the 1990s by George Adomian [13] [14] . The differential transform method (DTM) has been successfully developed by Zhou (1986) in electric circuit analysis. DTM has been used to solve linear and nonlinear differential equations [15] .
ADM and DTM have been shown to solve effectively, easily and accurately a large class of linear and nonlinear, ordinary, partial, deterministic or stochastic differential equations with approximate solutions which converge rapidly to accurate solutions [3] [4] [13] [14] . The basic motivation of this work is to apply the ADM and DTM to the DDE. It is well known now in the literature that this algorithm provides the solution in a rapidly convergent series [3] [4] . ADM and DTM are very effective and convenient for solving multi-pantograph equations [3] [4] .
This study is presented as follows: In second section, we start by presenting ADM and DTM to solve multi-pantograph delay differential equations. In third section, we continue to the presentation of the convergence of ADM with Theorem 3.1 and Definition 3.2. In fourth section, these methods are shown and compared by four examples by taking various values for t and error evaluation is made. Also, we have plotted the graphs for numerical solutions of ADM and DTM and exact solution.
We examined that multi-pantograph delay differential equations are solved by several methods. Thus, we wanted to show up that may be more efficient, simpler and reliable the solution treatment of the ADM for multipantograph delay differential equations. The results show that the ADM is more powerful method than other methods for multi-pantograph delay differential equations.
Analysis of Adomian Decomposition Method and the Differential Transform
In this paper, we consider the following multi-pantograph equations [16] ,
The inverse operator 1 L − , this is n-fold integral operator defined by 
on Equation (5), it then follows
to determine the components ( ), 0. y t by all terms that arise from the boundary conditions at t = 0 and from integrating the source term if it exists. Second, the remaining components of ( ) y t can be determined in a way such that each component is determined by using the preceding components [3] [13] [14] ( )
and Equation (8) gives for 1, 2,3, n =  in other words, the method introduces the recursive relation
The Adomian decomposition method assumes that the unknown function ( ) y t can be expressed by an infinite series of the form [3] [13] [14] ( ) 
Differential Transform Method
Differential transform of function ( ) y x is defined as follows [17] ,
In Equation (11) 
From Equations (12) and (11), we obtain
Equation (13) implies that concept of differential transform is derived from Taylor series expansion, but the method does not evaluate the derivatives symbolically.
In actual applications, the function ( ) y x is expressed by the a finite series and Equation (12) can be written as
Equation (13) implies that is
is negligibly small. In fact, m is decided by the convergence of natural frequency in this study.
The following theorems that can be deduced from Equations (11) and (12) are given below, see [17] [18].
Theorem 1 If ( ) ( ) ( ) y t g t h t
= + , then ( ) ( ) ( ) Y k G k H k = + . Theorem 2 If ( ) ( ) y t cg t = , then ( ) ( ) Y k cG k = . Theorem 3 If ( ) ( ) d d k k g t y t = , then ( ) ( ) ( ) ! ! k n Y k G k n k + = + . Theorem 4 If ( ) ( ) y t g t a = + , then ( ) ( ) N h k m k h Y k a G m k − =   =     ∑ , for N → ∞ . Theorem 5 If ( ) 1 t y t g a a   = ≥     , then ( ) ( ) ( ) ( ) 0 1 1 , for . h k N h k h k h k h h k h a Y k t a G h N k a − − − − = −   = − → ∞     ∑
The Convergence of ADM
The Adomian Decomposition Method is equivalent to the sequence defined as follows [19] [20] 
S N y S = +
The numerical solution of Equation (15) 
Utilizing the recurrence relation, we find We have solved this problem using the proposed method. Recursive formula and the sequence of approximate solution are obtained as follows: The solution by DTM method: By using Theorems of DTM, we have following recurrence relation:
Utilizing the recurrence relation, we find ( ) We have solved this problem using the proposed method. Recursive formula and the sequence of approximate solution are obtained as follows: 
Using the recurrence relation, we find Finally, the differential inverse transform of ( )
we obtain the following series solution ( ) The obtained results (ADM and DTM) are exactly the same with the one found by exact solution. It is clear from Table 3 and Figure 3 that the two results not only give rapidly convergent series but also accurately compute the solutions. We have solved this problem using the proposed method. Recursive formula and the sequence of approximate solution are obtained as follows: The solution by DTM method: By using Theorems of DTM, we have following recurrence relation,
Utilizing the recurrence relation, we find ( ) Table 4 and Figure 4 that the two results not only give rapidly convergent series but also accurately compute the solutions.
Conclusion
It has been the aim of this paper to show that it appears natural to approximate the solution of multi-pantograph delay differential equation by ADM and DTM. We obtain the high approximate solutions or the exact solutions within a few iterations. It is concluded from figures and tables that the successive approximations methods are an accurate and efficient method to solve multi-pantograph delay differential equations. Some numerical examples have been provided to illustrate that the present method is effective in accuracy and convergence speed. In a word, the ADM and DTM show that the techniques are reliable, powerful and promising methods for linear 
